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ABSTRACT
Fragmentation of a spiral arm is thought to drive the formation of giant clumps in
galaxies. Using linear perturbation analysis for self-gravitating spiral arms, we derive
an instability parameter and define the conditions for clump formation. We extend
our analysis to multi-component systems that consist of gas and stars in an exter-
nal potential. We then perform numerical simulations of isolated disc galaxies with
isothermal gas, and compare the results with the prediction of our analytic model. Our
model describes accurately the evolution of the spiral arms in our simulations, even
when spiral arms dynamically interact with one another. We show that most of the
giant clumps formed in the simulated disc galaxies satisfy the instability condition.
The clump masses predicted by our model are in agreement with the simulation re-
sults, but the growth time-scale of unstable perturbations is overestimated by a factor
of a few. We also apply our instability analysis to derive scaling relations of clump
properties. The expected scaling relation between the clump size, velocity dispersion,
and circular velocity is slightly different from that given by the Toomre instability
analysis, but neither is inconsistent with currently available observations. We argue
that the spiral-arm instability is a viable formation mechanism of giant clumps in
gas-rich disc galaxies.
Key words: instabilities – methods: numerical – methods: analytical – galaxies:
spiral – galaxies: kinematics and dynamics.
1 INTRODUCTION
Disc galaxies with spiral arms, including the Milky Way,
occupy a large fraction of galaxies in the current Uni-
verse although the fraction depends on mass and colour
(e.g. Binggeli et al. 1988, and references therein). Such spi-
ral galaxies generally have relatively smooth stellar dis-
tribution, and their star clusters in the discs are small:
Mcl <∼ 103 M (e.g. Lada & Lada 2003). Their spiral arms
are considered to drive the formation of such star clusters.
In the high-redshift Universe, disc galaxies have been
observed to have clumpy morphologies, rather than smooth
density distribution, in which several star-forming ‘giant
clumps’ of Mcl <∼ 108 M are hosted in their disc regions.
Although some fraction of such clumpy galaxies are ongoing
mergers (e.g., Weiner et al. 2006; Fo¨rster Schreiber et al.
2009; Puech 2010; Ribeiro et al. 2016), a number fraction of
clumpy galaxies generally increases with redshift, depend-
ing on galaxy mass, up to ∼ 50 per cent at a redshift of
? E-mail: shigeki.inoue@ipmu.jp
z ' 2–3 (Tadaki et al. 2014; Murata et al. 2014; Guo et al.
2015; Shibuya et al. 2016; Buck et al. 2017).1 Clumpy disc
galaxies are also observed at low redshifts, but their abun-
dance is lower by far than at high redshifts (e.g. Elmegreen
et al. 2013; Bassett et al. 2014; Fisher et al. 2014, 2017b;
Garland et al. 2015). Although the high-redshift disc galax-
ies that are currently observable seem to have too high
mass-concentrations of baryon to be the progenitors of low-
redshift spiral galaxies (Genzel et al. 2017), the clumpy discs
have also been argued to evolve into spiral galaxies while
their clumps are disrupted (e.g. Genel et al. 2012; Hopkins
et al. 2012; Oklopcˇic´ et al. 2017) or merge into their central
bulges (e.g. Noguchi 1998, 1999; Inoue & Saitoh 2011, 2012;
Ceverino et al. 2015).
Spiral arms and giant clumps in low- and high-redshift
1 Clumpy fractions at further high redshifts are poorly known.
Shibuya et al. (2016) argued that clumpy fractions decrease after
a peak at a redshift z ∼ 2 until z ∼ 8, whereas Ribeiro et al.
(2016) claimed that the fractions keep increasing at least until
z ∼ 5.
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discs are clearly different structures; nevertheless, the forma-
tion mechanisms of both structures are often attributed to
Toomre instability (e.g. Noguchi 1998, 1999; Genzel et al.
2008, 2011; Dekel et al. 2009; Reina-Campos & Kruijssen
2017 for clump formation, or at least relevant to low values
of Toomre’s instability parameters Q, possibly via swing am-
plification for spiral-arm formation, e.g. Hohl 1971; Toomre
1981; Binney & Tremaine 2008; Fujii et al. 2011; Hu & Si-
jacki 2016; Baba et al. 2016). It is still unclear, however, why
these high-redshift galaxies form giant clumps whereas the
low-redshift ones do not. Recently, Inoue et al. (2016) have
shown, by utilizing cosmological simulations, that a signifi-
cant fraction of giant clumps start forming with high values
of Q >∼ 2 (see also Oklopcˇic´ et al. 2017), which are indica-
tive of gravitationally stable states for axisymmetric linear
perturbations (Safronov 1960; Toomre 1964) in their simu-
lated clumpy galaxies.2 Hence, the formation of giant clumps
in high-redshift may not be driven by Toomre instability.
In addition, the high values of Q >∼ 2 in their simulated
clumpy galaxies are close to those determined in nearby spi-
ral galaxies and the solar neighbourhood in the Milky Way
(e.g. Rafikov 2001; Leroy et al. 2008; Feng et al. 2014; West-
fall et al. 2014; Tenjes et al. 2017), which implies a similarity
between clumpy and spiral galaxies in terms of the stabil-
ity against axisymmetric perturbations. Thus, it is still an
open question what physical processes are responsible for
formation of spiral arms and giant clumps. In this sense, the
current status of our understanding of the evolution of disc
galaxies from high to low redshifts is unsatisfactory.
Our purpose in this study is to discuss a physical mech-
anism of disc instability — other than Toomre instability
— that can form giant clumps and possibly explain the
morphological difference between spiral and clumpy galax-
ies. Recently, Takahashi et al. (2016, hereafter TTI) have
performed two-dimensional hydrodynamic simulations for
proto-planetary discs and found that spiral arms in their
discs fragment and form knotty structures (proto-planets)
when Toomre Q parameters measured on the arms are lower
than 0.6. Although they empirically obtained their criterion
for the spiral-arm fragmentation from a large number of iso-
lated simulations, they also performed their linear pertur-
bation analysis for a spiral arm and found the TTI crite-
rion, Q <∼ 0.6, to be consistent with their their analysis (see
also Appendix A). Hence, TTI instability — which means
spiral-arm fragmentation occurring when Q <∼ 0.6 on an arm
— can be explained as gravitational instability of the gas
arm. The analysis for TTI instability can also be applied
to galactic spiral arms, and the spiral-arm instability (here-
after, SAI) might explain the presence (absence) of giant
clumps as the instability (stability) against fragmentation
of spiral arms in high- (low-) redshift galaxies. Because TTI
focused on planet formation in a Keplarian gas disc, how-
ever, their instability criterion may not be applicable to a
galactic spiral arm. Therefore, we need to obtain a general
formalisation of the criterion for the SAI. Moreover, since
2 However, recent observations estimated Q in clumpy galaxies
to be typically below unity in the extended disc regions (Genzel
et al. 2011, 2014; Fisher et al. 2017a). Thus, still there is ten-
sion between the observations and the simulations of high-redshift
clumpy galaxies.
galaxies are generally multi-component system such as gas
and stars, we have to extend the TTI analysis to a multi-
component model.
This paper is organised as follows. In Section 2, we
present our linear perturbation analysis, based on that pro-
posed by TTI, for spiral-arm fragmentation to derive an in-
stability parameter and its criterion. Next ,we extend our
linear perturbation theory to a two-component model. In
Section 3, we perform N -body/hydrodynamic simulations
with isolated disc galaxy models to test our theory. In Sec-
tion 4, we adopt our simulation data to our analysis, such as
instability parameters, wavelengths and growth time-scales
of unstable perturbations. In Section 5, we discuss whether
SAI can be a possible mechanism of giant clump formation
in gas-rich disc galaxies. Using our analysis, we obtain scal-
ing relations for properties of clumps forming from SAI and
compare the scaling relations obtained from our SAI models
and Toomre analysis with observations of clumpy galaxies.
In Section 6, we present our conclusions and summary of
this study.
2 LINEAR PERTURBATION ANALYSIS
Our analysis basically follows the same manner as TTI until
we derive a single-component dispersion relation. We per-
form local linear perturbation analysis in which a pitch angle
of a spiral arm is assumed to be negligibly small (the tight-
winding approximation), and the arm is rotating around the
galactic centre on a disc plane with an angular velocity Ω. In
this case, the spiral arm can be locally considered as a struc-
ture resembling a ring. If the spiral arm is self-gravitating, it
can be assumed to have a rigid rotation, and the Oort’s con-
stant B = −Ω in the arm. In the polar coordinates (R,φ),
we consider azimuthal perturbations propagating along the
arm, which are assumed to be proportional to exp[i(ky−ωt)],
where y ≡ φR. For the perturbations, if their wavelengths
are small enough compared with the radius of the arm, i.e.
kR 1, then the curvature of the spiral arm is negligible.
We adopt a Gaussian distribution to a radial surface
density profile of the spiral arm, Σ(R) = Σ0 exp(−ξ2/2w2),
where ξ ≡ R − R0, R0 is the radius of the density peak in
the arm, and Σ0 is the surface density at R0. As is done in
TTI, we define the edges of the spiral arm to be the inner
and outer radii where Σ(R) = 0.3Σ0. In this case, the half
width W ' 1.55w, and 2W corresponds to the full width of
the spiral arm. The line-mass3 of the arm is given as
Υ ≡ 2
∫ W
0
Σ(R) dξ = AWΣ0, (1)
where A ' 1.4 for a Gaussian density distribution.
2.1 A single-component model
First, we consider the linear perturbation analysis for a gas
component in a spiral arm. With the aforementioned as-
sumptions and settings, the linearised equations of continu-
3 This quantity is defined as the mass per unit length. Although
some previous papers termed it ‘line-density’, we follow the ter-
minology in TTI.
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Figure 1. The function of f(kW ) indicated with the solid line.
The dashed and dotted lines show power-low relations of 1/(kW )
and 1/
√
kW as reference.
ity, R- and φ-momenta for the azimuthal perturbations are
obtained as
ωδΥ = kΥδvφ, (2)
−iωδvR = 2Ωδvφ, (3)
−iωδvφ = −2ΩδvR − ik σ
2
Υ
δΥ− ikδΦ (4)
(see TTI), where the prefix δ means the perturbation of a
physical value following it. In equation (4), Φ is gravitational
potential, and σ2 ≡ σ2φ + c2, where σφ and c are azimuthal
dispersion of turbulent velocities and sound velocity of gas.
Combining the above equations, one can obtain the disper-
sion relation,
ω2 =
(
σ2 +
Υ
δΥ
δΦ
)
k2 + 4Ω2. (5)
The Poisson equation for the perturbed potential of a razor-
thin ring with a Gaussian density distribution is given as
δΦ = −piGδΥ [K0(kW )L−1(kW ) +K1(kW )L0(kW )] , (6)
where Ki and Li are modified Bessel and Struve functions
of order i (see TTI for the derivation of equation 6). By sub-
stituting the above into equation (5), the dispersion relation
is described as,
ω2 =
[
σ2 − piGΥf(kW )
]
k2 + 4Ω2, (7)
where f(kW ) ≡ [K0(kW )L−1(kW )+K1(kW )L0(kW )], and
Fig. 1 illustrates how f(kW ) varies.
Although TTI have presented the same dispersion re-
lation in their paper, they did not derive an instability pa-
rameter like Toomre’s Q. To define the instability parame-
ter of SAI, we follow a manner similar to previous studies
of Toomre instability analysis (Jog & Solomon 1984a,c; Jog
1996; Rafikov 2001). Equation (7) is transformed as
σ2k2 + 4Ω2 − ω2
piGf(kW )Υk2
= 1. (8)
This equation is equivalent to the dispersion relation, always
satisfied for the linear perturbations. In the boundary case
of ω2 = 0, the above is
S ≡ σ
2k2 + 4Ω2
piGf(kW )Υk2
= 1. (9)
By comparing with equation (8), one can see that S < 1 in
the unstable cases of ω2 < 0, where perturbations can grow
exponentially with time. Conversely, S > 1 in the stable
cases of ω2 > 0, where perturbations oscillate with time.
Thus, one can consider S as the instability parameter of
SAI, with the boundary of S = 1 like Toomre’s instability
parameter Q. However, unlike Q, our instability parameter
S is a function of k, therefore the instability condition is
satisfied when min[S(k)] < 1. In Appendix A, we show that
our instability criterion min[S(k)] < 1 is almost consistent
with the TTI criterion Q < 0.6.
2.2 A two-component model
Next, we extend the above instability analysis to a multi-
component model. In this study, we approximate a galaxy to
be composed of gas and stellar discs in a background poten-
tial. Because the different components generally have their
own physical properties, we consider distinct values of Υ, σ,
Ω and W for gas and stars.4 Hereafter, let suffixes ‘g’ and
‘s’ denote gas and stellar values (except growth time-scale
tg). We adopt the fluid approximation to the stellar compo-
nent, in which stars are assumed to have the same form of
dispersion relation of gas. It should be noted, however, that
this approximation may not be appropriate because of the
collisionless nature of stars (Toomre 1964; Lin & Shu 1966;
Binney & Tremaine 2008; Rafikov 2001; Elmegreen 2011).
We examine whether the fluid approximation holds in our
N -body simulations in Section 4.4.
The dispersion relation is obtained for each component
from equation (5):
ω2 =
(
σ2g +
Υg
δΥg
δΦ
)
k2 + 4Ω2g, (10)
δΥg = k
2 Υg
ω2 − 4Ω2g − σ2gk2 δΦ, (11)
for gas, and
ω2 =
(
σ2s +
Υs
δΥs
δΦ
)
k2 + 4Ω2s , (12)
δΥs = k
2 Υs
ω2 − 4Ω2s − σ2s k2 δΦ, (13)
for stars, where σs is azimuthal component of stellar velocity
dispersion. Because gas and stars interact through gravity,
they share the same perturbed potential that is described as
the superposition of perturbations on gas and stellar poten-
tials, i.e. δΦ = δΦg + δΦs (Jog & Solomon 1984a,c; Romeo
1992; Jog 1996; Rafikov 2001). The Poisson equation (6)
connects the two component as
δΦ = −piG [δΥgf(kWg) + δΥsf(kWs)] . (14)
Substituting equations (11) and (13) into equation (14), the
two-component dispersion relation is obtained as
4 Gas and stellar discs can have similar values of Ω. Especially,
approximately Ωg ' Ωs in kinematically cold discs (Binney &
Tremaine 2008).
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Table 1. The initial conditions of our simulations. The values
of fg are gas fractions uniform in the discs: fg ≡ Mg,d/(Mg,d +
Ms,d), where Mg,d and Ms,d are masses of gas and stellar discs.
The coldness parameter Qmin gives normalization of radial ve-
locity dispersion profiles in the models. The mass distribution
models in the rightmost column are listed in Table 2.
name fg Qmin mass model
Df25Q15 0.25 1.5 Disc-dominant
Df20Q13 0.2 1.3 Disc-dominant
Df20Q15 0.2 1.5 Disc-dominant
Df00Q10 0 1.0 Disc-dominant
Df00Q13 0 1.3 Disc-dominant
Bf70Q13 0.7 1.3 Bulge-dominant
Bf60Q13 0.6 1.3 Bulge-dominant
piGk2
[
Υgf(kWg)
σ2gk2 + 4Ω2g − ω2 +
Υsf(kWs)
σ2s k2 + 4Ω2s − ω2
]
= 1. (15)
Eventually, as in the case of the single-component model
(equation 9), the two-component instability parameter can
be defined as
S2 ≡ 1
piGk2
[
Υgf(kWg)
σ2gk2 + 4Ω2g
+
Υsf(kWs)
σ2s k2 + 4Ω2s
]−1
. (16)
Again, the instability condition is min[S2(k)] < 1.
By solving equation (16) for all k, one can obtain the
most unstable mode kMU that gives the lowest S2. The per-
turbation with kMU is expected to grow first if S2(kMU) < 1,
and the most unstable wavelength can be estimated to be
λMU = 2pi/kMU. Furthermore, by substituting k = kMU into
equation (15), the frequency ωMU at kMU can be numeri-
cally computed, and the growth time-scale of the most un-
stable perturbation is estimated to be tg = 2pi/
√
|ω2MU|.
If S2(kMU) > 1, λMU and tg mean the wavelength and the
time-scale of the perturbative oscillation with the lowest fre-
quency ωMU.
3 SIMULATIONS
To test our theory proposed in Section 2, we perform numer-
ical simulations using models of disc galaxies in isolation and
utilize the simulation data in Section 4. We use the moving-
mesh hydrodynamics code Arepo (Springel 2010) to per-
form simulations of self-gravitating gas and stellar discs with
an isothermal equation of state. Haloes and bulges are rep-
resented with rigid potentials of Navarro-Frenk-White and
Hernquist models, respectively (Navarro et al. 1997; Hern-
quist 1990). Our simulations do not take into account gas
cooling, star formation, stellar feedback or magnetic fields.
3.1 Initial Conditions
Our initial conditions of the galactic discs are generated with
the method proposed by Hernquist (1993), in which radial
profiles of surface densities and radial velocity dispersions
are assumed to be exponential functions with the same scale
radius Rd, and kinematic coldness is parameterised by an ar-
bitrary Toomre parameter Qmin at R ' 2.5Rd. The mean
and a dispersion of azimuthal velocities are computed from
the Jeans equation and the epicyclic approximation (Bin-
ney & Tremaine 2008). Vertical structures of the discs are
constructed with a density function of sech2[z/(2zd)] and a
velocity distribution determined from vertical Jeans equilib-
rium. The gas and stellar discs have the same scale height
zd = 50 pc independent of radius. Because our simulations
are aimed at testing our analysis assuming a razor-thin spi-
ral arm, we set zd to this small value although stellar discs in
observed spiral galaxies are typically thicker than zd = 50 pc
(see also Section 5.2). The gas and stars share the same ini-
tial density and velocity distributions. The whole halo region
of 2003 kpc3 is filled with diffuse gas the density of which
is nH = 10
−6 cm−3; however the halo gas hardly affects
our simulation results. Our simulations with the isothermal
equation of state keeps the gas temperature at 104 K inde-
pendent of density. In all runs, we use the same numbers of
gas and stellar elements in the discs: the numbers of stellar
particles ns = 5× 106 and gas cells ng = 1× 106. The sim-
ulation code operates mesh regulations such as motions of
gas cells, refinement and derefinement so that each gas cell
keeps its initial mass within a factor of 2. A gravitational
softening length of a stellar particle is set to s = 50 pc,
and that of a gas cell varies with its cell volume Vcell as
g = 2.5(3Vcell/4pi)
1/3 with the lower limit of g,min = 50 pc;
therefore gas contraction is limited to the scale ∼ g,min. The
initial kinematic coldness Qmin and gas fractions fg of the
discs are arbitrary parameters in our runs. All of our initial
conditions are tabulated in Table 1.
We perform our simulations with two mass-distribution
models whose structural parameters are listed in Table 2.
Fig. 2 illustrates circular-velocity curves in our galaxy mod-
els. As our fiducial model, the first one labelled as a ‘disc-
dominant’ model is approximately similar to the mass dis-
tributions of the Milky Way; this model has a relatively
small bulge, and the circular velocity curve gently increases
in inner radii of R <∼ 6 kpc and becomes flat in outer radii.
The disc component dominates the circular velocities in the
range from R ' 2 to 9 kpc. The second model labelled as
‘bulge-dominant’ has, as the name suggests, a quite massive
bulge, and the masses of the disc and the bulge are smaller
than those of the fiducial model. The circular velocity curve
has a strong peak at R ' rb and continuously decreases
with radius because of the massive bulge that dominates
the circular velocities in the whole disc regions.
In Figs. 3 and 4, we show surface density distributions
of gas and stars in our galaxy models listed in Table 2 af-
ter development of spiral arms. We find that some models
are subject to SAI involving formation of clumpy structures
(Df25Q15, Df20Q13, Df00Q10 and Bf70Q13), whereas the
other model form stable and long-lived spiral arms without
fragmenting into clumps (Df20Q15, Df00Q13 and Bf60Q13).
In these unstable runs, some spiral arms break up into
clumpy structures in their discs at early times t <∼ 300 Myr.
In Df20Q15, although we see formation of only a few clumps
at very late times t >∼ 900 Myr (see Section 4.3), we consider
that this model is stable against SAI until t ' 900 Myr. The
two-component disc-dominant models, Df25Q15, Df20Q13
and Df00Q10, have similar initial conditions but slightly dif-
ferent inQmin and fg from one another, and they are used for
our fiducial test of our theory (see Section 4.1, 4.2 and 4.3).
The gas-less disc-dominant models Df00Q10 and Df00Q13
c© 2014 RAS, MNRAS 000, 1–??
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Table 2. Mass-distribution models in the initial states of our simulations. Values of Md ≡ Mg,d + Ms,d, M200 and Mb are the total
masses of the disc, halo and bulge in each model, and Rd, rh and rb are their scale radii. The value of M200 is defined to be the halo
mass enclosed within the galactocentric radius r200 at which 3M200/(4pir3200) = 2.9× 104M kpc−3.
mass model Md [M] Rd [kpc] M200 [M] r200 [kpc] rh [kpc] Mb [M] rb [kpc]
Disc-dominant 4.1× 1010 3.0 1.1× 1012 206 20.6 4.3× 109 0.3
Bulge-dominant 2.1× 1010 3.0 1.8× 1011 114 15 4.3× 1010 0.45
Figure 2. Top panel : circular-velocity curves in the initial con-
ditions of the disc-dominant (red lines) and the bulge-dominant
(blues lines) models. The thick solid lines indicate circular veloc-
ity curves of the total mass distributions. The dashed, dot-dashed
and dotted lines correspond to contributions from haloes, bulges
and discs, respectively. Bottom panel : Toomre’s instability pa-
rameters Q as functions of R in the initial conditions with differ-
ent Qmin. The line colours are the same as in the top panel. The
value of Q is defined as Q ≡ σRκ/(piGΣd), where σR is radial
component of velocity dispersion, κ is epicyclic frequency mea-
sured from circular velocity curves, and Σd is the total surface
density of the disc.
are aimed to examine the validity of the fluid approxima-
tion applied to the stellar dispersion relation (equation 12,
see Section 4.4). The bulge-dominant models Df60Q13 and
Df70Q13 have mass distributions largely different from the
disc-dominant ones. Since their initial conditions have high
Q values in their inner disc regions, spiral-arm fragmenta-
tion only occurs in highly gas-rich runs. In these runs, we
aim to prove general robustness of our analysis (see Section
4.5).
3.2 Data analysis
To test our linear perturbation theory, we perform map-
based two-dimensional analysis by utilizing snapshots of our
simulations. First, we need to obtain Σ, σ, Ω and W for each
of gas and stellar component. In computing Σ, σ and Ω, we
apply two-dimensional Gaussian kernels of the full width
at half maximum 0.5 kpc to gas and stellar distributions
in the snapshots. Then, we vertically integrate the physical
quantities weighted by mass and compute the mean and a
dispersion of vφ. As mentioned in Section 2, σ
2
g ≡ c2 + σ2φ,g
and σ2s ≡ σ2φ,s, where σφ is dispersion of vφ. Angular velocity
is computed as Ω = vφ/R for each of gas and stars. We make
polar plots of Σ, σ and Ω as functions of (R,φ).
It is not obvious or straightforward how to detect a
spiral arm in the simulations and measure a half width W
of the spiral arm. For the sake of automatic detection of
spiral arms, we perform one-dimensional Gaussian fitting
along the radial direction at a given φ in the polar maps of
Σg and Σs. The Gaussian function is given as Σ˜(R, ξ, φ) =
Σ(R,φ) exp[−ξ2/2w2], where ξ represents radial offset from
R, and Σ(R,φ) is an actual surface density in the simulation.
The goodness-of-fit at (R,φ) is evaluated as
χ2(R,φ) ≡ 1
2W
∫ W
−W
[
Σ˜(R, ξ, φ)− Σ(R+ ξ, φ)
Σ˜(R, ξ, φ)
]2
dξ, (17)
and we look for W that gives the minimum value of χ2(R,φ);
this W is defined to be the half width of the spiral arm.
If there is a ridge of a spiral arm at R and the density
distribution is nearly Gaussian, the fitting procedures re-
turn χ2(R,φ) significantly lower than unity. Thus, we com-
pute Wg, Ws and χ
2
g+s ≡ χ2g + χ2s in all regions of the po-
lar coordinates and define spiral arms to be regions where
logχ2g+s < −0.25. Although the threshold of χ2g+s is an arbi-
trary value, the computations of quantities such as S2, λMU
and tg are independent of the threshold. This definition of
spiral arms requires both gas and stars to have their density
peaks at similar radii. This means that if only either gas
or stars has a spiral arm, our scheme regards that there is
not an arm.5 Our measurement of W assumes a pitch angle
θ = 0 for an arm, therefore our scheme overestimates the
true width by a factor of 1/ cos θ. If a pitch angle largely de-
viates from θ = 0, the tight-winding approximation assumed
in our analysis may not hold.
5 SAI could, however, occur even in such cases. We do not take
into account this kind of instability caused solely by a gas or a
stellar arm since we do not find this instability in our simulations.
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Figure 3. Face-on surface density distributions of gas (top) and stars (bottom) in the runs: Df25Q15 at t = 370 Myr, Df20Q13 at
t = 460 Myr, Df20Q15 at t = 700 Myr, Bf70Q13 at t = 430 Myr and Bf60Q13 at t = 580 Myr, from left to right.
Figure 4. Same as the bottom panels in Fig. 3 but for theN -body
runs: Df00Q10 at t = 340 Myr (left) and Df00Q13 at t = 500 Myr
(right).
4 RESULTS
4.1 Unstable cases
As seen in the leftmost panels of Fig. 3, the disc-dominant
model Df25Q15 forms spiral arms unstable against fragmen-
tation after a few dynamical time-scales from the beginning
of the simulation. Although this model has the same Qmin
as the stable disc-dominant model Df20Q15 in their initial
states, the gas fraction of Df25Q15 is higher than that of
the stable model by 0.05. Therefore, it appears that more
gas-rich galaxies tend to be unstable against spiral-arm frag-
mentation, and the clump formation in Df25Q15 could be
attributed to the higher gas fraction.
Fig. 5 shows our polar-map analysis for the snapshots
of the model Df25Q15 at t = 180, 220 and 250 Myr. In these
snapshots, a spiral arm fragments into massive clumps, and
the dashed ellipses in the figure chase the arm fragmenting.
Panels a and b show gas and stellar surface densities in the
polar coordinates. Although the arm has not fragmented yet
at t = 180 Myr, the spiral arm breaks up into three clumps
at t = 250 Myr. Since Panel g indicates low values of χ2g+s
along the spiral arm seen in the surface density distributions,
our scheme appears to detect a spiral arm correctly. Panels
e and f show half widths, Wg and Ws, measured for the
detected spiral arm.
Panels h and i in Fig. 5 show the single-component in-
stability parameters, min[Sg(k)] and min[Ss(k)], computed
using equation (9) for each of the gas and stellar compo-
nent. For the encircled spiral arm, the single-component
analysis indicates that the gas is expected to be unstable
since min[Sg(k)] < 1 (blue colour) within the arm, whereas
the stars in the arm are stable since min[Ss(k)] > 1 (red
colour). This means that the fragmenting instability of the
spiral arm is dominated by gas. Panel j shows the two-
component instability parameters min[S2(k)] and indicates
that the fragmenting spiral arm has three segments where
min[S2(k)] < 1 at t = 180 Myr. Panel k shows the most un-
stable wavelengths λMU estimated from the two-component
analysis, which are λMU ' 2 kpc and shorter than or compa-
rable to the sizes of the segments indicating min[S2(k)] < 1
within the unstable segments at t = 180 Myr, therefore
these segments are expected to collapse. Panel l shows
the growth time-scales of the most unstable perturbations,
which are tg ' 100–300 Myr before the fragmentation (at
t = 180 Myr). As seen in Panels a and b, the unstable spi-
ral arm actually takes ' 70 Myr to form the clumps, which
is about 2–4 times shorter than the predicted growth time-
scale tg. However, note that the clump formation time-scale
in the simulation is a crude estimate from our visual inspec-
tion, which is defined as a time elapsed since a region with
min[S2(k)] < 1 appears to when a clump forms clearly in
the unstable arm.
The linear perturbation analysis described in Section
2 is cased on several assumptions. In Appendix B, we dis-
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Figure 5. Polar-map analysis of the model Df25Q15 at t = 180, 220 and 250 Myr. Panels a and b: surface density distributions of gas
and stars in the polar coordinates. Panels c and d : surface density distributions of gas and stars in the face-on Cartesian coordinates.
Panels e and f : half widths of gas and stellar spiral arms. Panel g: goodness-of-fit χ2g+s computed with equation (17) for the density
distributions. Panels h and i : the instability parameters min[S(k)] computed from the single-component analysis for each of the gas
and stellar component, where unstable values < 1 are indicated with blue colour. Panel j : the two-component instability parameters
min[S2(k)] for the spiral arms. Panels k and l : the wavelengths and the growth time-scales of the most unstable perturbations in the
two-component analysis. In Panels e, f, h, i, j, k and l, the inter-arm regions where logχ2g+s > −0.25 are uncoloured, according to
our definition of spiral arms. The spiral-arm regions detected by the threshold of logχ2g+s < −0.25 are consistent with high-density
filamentary structures in Panels a and b. In Panels k and l, the values of λMU and tg in stable regions with min[S2(k)] > 1 correspond
to wavelengths and oscillation time-scales of the perturbations with the lowest frequencies. The dashed ellipses in each panel trace the
unstable spiral arm we focus on. The fragmenting arm marked with the ellipses have three segments indicating min[S2(k)] < 1 whose
sizes are larger than λMU at t = 180 Myr, and then the segments collapse into three clumps at t = 250 Myr. The estimated tg in the
segments is longer than the actual clump-formation time-scale by a factor of 2–4.
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cuss the validity of the assumptions of linearity of the initial
density perturbations and the rigid rotations within spiral
arms.
Another unstable model Df20Q13 also forms some mas-
sive clumps via SAI (see Fig. 3). This model has the same gas
fraction and mass distributions as the stable model Df20Q15
but a lower Qmin. Hence, the fragmentation in Df20Q13 is
attributed to the lower Qmin in the initial condition.
Fig. 6 shows the results of our polar-map analysis for
Df20Q13 at t = 350, 390, 410 and 430 Myr. In these
snapshots, we find two examples of spiral-arm fragmen-
tation, which are labelled as Region A and B in Fig. 6
(dashed ellipses). The spiral arm in Region A starts indicat-
ing min[S2(k)] < 1 (blue colour in Panel e) at t = 350 Myr,
but it has not fragmented yet. It appears that the low values
of min[S2(k)] in Region A are driven by interaction with a
bifurcated spiral arm and/or by bending of the arm. Even-
tually, the spiral arm in Region A collapses into a single
massive clump about 80 Myr later (at t = 430 Myr). In Pan-
els f and g at t = 350 Myr, the most unstable wavelengths
λMU ' 3 kpc in the fragmenting arm are comparable to the
size of the segment with min[S2(k)] < 1 in Region A. The
predicted growth time-scale tg ' 200 Myr is a few times
longer than the actual formation time-scale of the clump
in Region A (about 80 Myr). Meanwhile, Region B begins
to indicate min[S2(k)] < 1 at t = 390 Myr, where the low
min[S2(k)] seems to be induced by interactions with neigh-
bouring arms. The unstable segment in Region B forms two
clumps about 40 Myr later (at t = 430 Myr). From the two-
component analysis, the most unstable wavelengths and the
growth time-scales are estimated to be λMU ' 1–2 kpc and
tg ' 100 Myr from our analysis. The wavelengths λMU are
shorter than the size of the segment with min[S2(k)] < 1 in
Region B before the fragmentation, whereas the predicted
growth time-scales tg are longer than the actual collapse
time-scale only by a factor of 2–3.
As we showed above, our linear perturbation analysis
is able to predict well spiral-arm fragmentation in our sim-
ulations of disc-dominant galaxy models shown above al-
though it appears that the growth time-scales are overes-
timated approximately by a factor of 2–4. Especially, the
instability condition of min[S2(k)] < 1 appears to be re-
markably robust in our simulations. Note that we find a
few cases of non-linear fragmentation with min[S2(k)] > 1
in Df20Q15 (see Section 4.3) although such cases are quite
rare in our simulations. In Toomre’s instability analysis, al-
though the instability condition against radial perturbations
in a disc is analytically derived to be Q < 1 for a razor-
thin disc, previous studies using N -body simulations of disc
galaxies have demonstrated that the discs are actually some-
what unstable and can form spiral arms until Q <∼ 1.7 due
to non-linear and/or global instability (e.g. Toomre 1964;
Binney & Tremaine 2008; Fujii et al. 2011; Michikoshi &
Kokubo 2014)6. If the formation of spiral arms is attributed
to Toomre instability, the range of 1 < Q <∼ 1.7 can be con-
sidered as a non-linear regime of the disc instability, in which
discs can be unstable without satisfying the Toomre’s insta-
6 Hu & Sijacki (2016) proposed that their thin discs can be un-
stable until Q < 1.3 using N -body simulations with resolutions
higher than the other studies.
bility condition. However, in our SAI analysis, our instability
condition of min[S2(k)] < 1 appears to be quite accurate to
predict spiral-arm fragmentation, and there seems to be lit-
tle non-linear regime of SAI, at least in our simulated models
shown above.
4.1.1 Prediction of clump masses
Our analysis can also predict a mass of a clump forming via
SAI. For the fragmenting arm in the run of Df25Q15 (Fig.
5), the most unstable wavelength λMU ' 2 kpc is longer
than and comparable to the widths of gas and stellar arms,
2Wg ' 1 kpc and 2Ws ' 2 kpc, before the fragmentation
(at t = 180 Myr; see Panels e and f in Fig. 5). Therefore, the
unstable mode can be expected to collapse along the spiral
arm: i.e. one-dimensional collapse.7 If we assume that gas
and stars included within λMU collapse into a single clump
in an unstable arm and that line-mass Υ is approximately
constant along the arm within λMU, then the gas and stel-
lar masses within the collapsing clump are estimated to be
Mg,cl ∼ ΥgλMU ' 1.4WgΣgλMU and Ms,cl ∼ 1.4WsΣsλMU,
respectively. In Fig. 7, Panels b and d show Mg,cl and Ms,cl
predicted from our polar-map analysis at t = 180 Myr in
Df25Q15; Mg,cl ' 108–108.5 M and Ms,cl ' 108.7–109 M
in the unstable arm. As we showed in Fig. 5, the unstable
spiral arm has the three segments with min[S2(k)] < 1 and
indeed fragments into the three clumps. Panels b and d in
Fig, 7 indicate that the predicted clump masses do not vary
largely along the arm. So, all of the resultant clumps are
expected to have similar masses.
In Fig. 8, Panels a and b show face-on surface densities
of gas and stars around the clumps after their formation (at
t = 250 Myr). The green circles in the panels illustrate the
positions of the three clumps; they are labelled as Clump
C, D and E. Panels c and d show gas and stellar masses
enclosed within distance Renc from the centre of each clump.
Although Clump C has the largest masses in gas and stars,
the differences from the other clumps are within a factor
of ' 3. Their enclosed masses of gas are nearly constant
in Renc >∼ 0.5 kpc, whereas their stellar masses still increase
gently outside Renc = 0.5 kpc. If we define the clump radii to
be Rcl = 0.5 kpc, we can estimate that the simulated clumps
have their gas and stellar masses Mg(< 0.5 kpc) ' Ms(<
0.5 kpc) ' 108–108.5 M. If Rcl = 1 kpc, Ms(< 1 kpc) '
108.5–109 M. Hence, the masses of these simulated clumps
are approximately consistent with the predicted values from
our analysis shown in Panels b and d of Fig. 7. We further
discuss the analytical prediction of properties and scaling
relations of clumps forming via SAI in Section 5.1.
4.2 A stable case
To demonstrate further the robustness of our instability con-
dition of min[S2(k)] < 1, we examine the stable model
Df20Q15 in which neither spiral-arm fragmentation nor
clump formation occurs (see Fig. 3), except in a very late
7 Since 2Ws ' λMU, the mode of collapse can become two-
dimensional, rather than one-dimensional, for stars. When 2W '
λMU, however, the predicted clump masses are nearly the same
between the two modes (see Fig. 19 and Section 5.1)
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Figure 6. Same as Fig. 5 but for the run Df20Q13 at t = 350, 390 410 and 430 Myr. Results of Wg, Ws and χ2g+s are not shown in
this figure. In the bottom panels, the inter-arm regions where logχ2g+s > −0.25 are uncoloured. The dashed ellipses labelled as ‘A’ and
‘B’ in each panel trace two fragmenting structures. The spiral arms in Regions A and B start indicating min[S2(k)] < 1 at t = 350 and
390 Myr, and they fragment into one and two clumps, respectively, at t = 430 Myr. The estimated tg ' 200 and 100 Myr within the
segments in Regions A and B before their fragmentation, are longer than actual clump formation time-scales by a factor of 2–3.
phase of the run. From the stable states of arms in this run,
the spiral arms are expected to have S2 > 1 for all k.
Fig. 9 shows our polar-map analysis for the model
Df20Q15 at t = 320, 470 and 670 Myr. Because the time-
intervals between the snapshots in this figure are longer than
the dynamical time-scale of the galaxy, these snapshots are
inconsecutive and can be considered to show independent
dynamical states of spiral arms. In all snapshots, the sur-
face density maps show that no spiral arms fragment, and
no clumps form (Panels a and b). Consistently with the sta-
ble appearance of the spiral arms, the instability parameters
indicate high values of min[S2(k)] > 1 in the arms (Panel
e). Although low values of min[S2(k)] < 1 can actually be
seen in very small segments at (R,φ) = (4 kpc, 3.5 rad) at
t = 320 Myr and (6 kpc, 0.5 rad) at t = 670 Myr, we find
that the sizes of the segments indicating min[S2(k)] < 1 are
significantly smaller than their most unstable wavelengths
(Panel f). Because the segments cannot settle the perturba-
tions whose wavelengths are larger than their own sizes, the
unstable modes of λMU cannot exist in these segments with
min[S2(k)] < 1.
8 Indeed, these segments do not fragment
8 Even if the most unstable wavelength is larger than the size
of segment indicating min[S2(k)] < 1, it is still possible that the
and disappear within < 30 Myr. Thus, the spiral arms in
the run Df20Q15 are marginally stable, which can be ex-
plained by our linear perturbation analysis indicating high
values of min[S2(k)] > 1 or too long unstable wavelengths.
However, we find a few cases of non-linear fragmentation
with min[S2(k)] > 1 at very late times in this run (see be-
low).
4.3 Non-linear fragmentation induced by
interactions
Our analysis is able to characterise well spiral-arm fragmen-
tation and clump formation following. It should be recalled,
however, that our theory is based on the linearised local per-
turbation equations (2, 3 and 4). Gravitational instability of
a spiral arm may actually be induced by non-linear and/or
global effects. In addition, although our linear perturbation
analysis assumes an equilibrium state for a spiral arm, spi-
ral arms in our simulations are actually not static. In reality,
spiral arms can snake, merge with one another and be torn
shortest unstable wavelength is smaller than the segment and can
collapses.
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Figure 7. Surface density distributions and predicted clump
masses in the snapshot of the model Df25Q15 at t = 180 Myr.
Panel a: gas density. Panel b: predicted clump masses of gas
obtained from the polar-map analysis in Fig. 5 as Mg,cl ∼
1.4WgΣgλMU. Panel c: stellar density. Panel d : predicted clump
masses of stars estimated as Ms,cl ∼ 1.4WsΣsλMU. In the frag-
menting arm marked with the ellipses, our analysis predicts
Mg,cl ' 108–108.5 M and Ms,cl ' 108.7–109 M.
by sharing rotation, especially in gas-rich and/or kinemat-
ically cold discs. In such cases, the linear approximation in
our analysis might not be accurate enough to describe the
evolution of perturbations; moreover the tight-winding ap-
proximation might no longer be valid. If it is the case, our
instability parameter S2 may fail to predict spiral-arm frag-
mentation and clump formation.
As we showed in Section 4.2, the model Df20Q15 is sta-
ble for spiral-arm fragmentation until t ' 900 Myr, and the
spiral arms generally indicate min[S2(k)] > 1. However, we
find a few cases of clump formation with min[S2(k)] higher
than unity at late times t >∼ 900 Myr in this simulation. Fig.
10 shows polar maps of Σg, Σs and min[S2(k)] at t = 910,
920, 940 and 960 Myr in the run Df20Q15. The non-linear
clump formation is highlighted with dashed ellipses in the
figure, and the clump can be seen clearer in the gas den-
sity maps. In the gas density maps (Panel a) at t = 910
and 920 Myr, the clump appears to start forming with in-
teraction between two arms and a gas cloud; the dashed
ellipses encircle these structures. Then, at t = 940 Myr,
these structures merge into a single spiral arm that still
Figure 8. Panels a and b: face-on surface density distributions
of gas and stars in the model Df25Q15 after clump formation
(t = 250 Myr). The three clumps are marked with the green
circles. Panels c and d : gas and stellar masses cylindrically en-
closed within a distance from the clump centre for each clump.
The clump centre is defined to be the position of the highest sur-
face density of each clump. As a reference, the sizes of the green
circles in the top panels correspond to Renc = 1 kpc from the
clump centres. The three clumps have gas and stellar masses of
Mg 'Ms ' 108–108.5 M within Renc = 0.5 kpc.
have smooth density distribution. Eventually, the merged
spiral arm forms a clumpy structure within the arm at
t = 960 Myr. Panel e shows, however, that min[S2(k)]
remains higher than unity during the interaction and the
clump formation. Hence, in this case, it appears that our
analysis fails to predict the actual fragmentation shown in
the figure. We find that such a non-linear fragmentation of
a spiral arm only occurs in late times, t >∼ 900 Myr, in the
run Df20Q15.
As seen in the gas density maps at t = 910 and 920 Myr
of Fig. 10, the non-linear fragmentation may be induced by
mergers between the spiral arms and/or the gas cloud. How-
ever, even though interactions and mergers between neigh-
bouring arms occur frequently in the unstable runs such as
Df25Q15 and Df20Q13, our analysis using S2 can predict
fragmentation quite well in those runs. Besides the merger-
induced fragmentation, since the spiral arms are relatively
long-lived in this stable run, perturbations that are pre-
sumed to be stable in the linear analysis might grow slowly
in non-linear regime.
4.4 Fragmentation in the N-body disc models
In equations (10) and (12), our analysis assumes the same
form of dispersion relation for gas and stars: the fluid ap-
proximation for stars. However, the stellar component does
not necessarily follow the same dispersion relation because
of the collisionless nature. Stellar orbits in a disc potential
generally have epicyclic motions which enable stars to pe-
riodically leave and return to a spiral arm. This effect may
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Figure 9. Polar-map analysis for the stable model Df20Q15 at
t = 320, 470 and 670 Myr. In this run, no spiral arms frag-
ment to form clumps until t ' 900 Myr, and Panel e indicates
min[S2(k)] > 1. There are small segments with min[S2(k)] < 1 at
(R, φ) = (4 kpc, 3.5 rad) at t = 320 Myr and (6 kpc, 0.5 rad) at
t = 670 Myr; however these segments with min[S2(k)] < 1 do not
fragment in this run since λMU is larger than the sizes of these
segments.
Figure 10. Polar-map analysis for the stable model Df20Q15 at
t = 910, 920, 940 and 960 Myr. The dashed ellipses encircle a
clump forming in the snapshots, where two arms and a gas cloud
merge into a single arm from t = 910 to 940 Myr, and then the
clump forms at t = 960 Myr in spite of min[S2(k)] > 1 in the
fragmenting arm.
become important for the perturbations whose wavelengths
are smaller than the typical amplitude of epicyclic motions
of stars (e.g. Toomre 1964; Rafikov 2001).9 Hence, it is im-
9 The influence by epicyclic motions is estimated to be <∼ 10
per cent in calculating Toomre’s instability parameter Q if a
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portant to examine whether our analysis can characterise
spiral-arm fragmentation in N -body models. In addition,
comparison between models with and without gas may give
us clues to understand why gas-rich and -poor galaxies tend
to form giant clumps and spiral arms.
The gas-less disc models are generally more stable
against SAI even though the initial mass distributions of the
galactic structures are the same. As seen in Fig. 3, our disc
models with fg = 0.2 become unstable for spiral-arm frag-
mentation when Qmin <∼ 1.3, whereas the model with fg = 0
is still stable even though Qmin = 1.3 in the initial state
(Df00Q13). However, stellar spiral arms in the N -body disc
can fragment if Qmin <∼ 1.0 (Df00Q10), which form relatively
extended stellar structures resembling clumps.
Now that we focus on purely stellar discs, we use the
single-component analysis (equations 7, 8 and 9) applied to
a stellar component to compute Ss, λMU and tg. Stellar spi-
ral arms are defined to be regions where logχ2s < −0.25
with the same Gaussian fitting scheme. Fig. 11 shows snap-
shots where spiral-arm fragmentation occurs in the model
Df00Q10. In Panel a, the spiral arm marked with the dashed
ellipse at t = 200 Myr fragment into two (or three) clumpy
structures at t = 260 Myr. In Panel c, the encircled spi-
ral arm indicates min[Ss(k)] < 1 within a few segments at
t = 200 Myr. In Panel d, λMU ' 2 kpc in the arm before
the fragmentation (t = 200 Myr). Panel e shows tg ' 100–
200 Myr in the unstable segments at t = 200 Myr. The
estimated growth time-scales tg are longer than the actual
clump-formation time-scale in this simulation by a factor
of 2–4. Fig. 12 shows the stable model Df00Q13 where no
stellar arms fragment (Panels a and b). Panel c indicates
min[Ss(k)] > 1 in all spiral arms in the snapshots. The high
values of min[Ss(k)] are consistent with the stability of the
stellar arms in this N -body run.
As shown above, our analysis appears to predict well the
fragmentation of stellar arms in the N -body runs, as well
as in the two-component models. This result means that
adopting the fluid approximation to the stellar dispersion
relation does not deteriorate the accuracy of our analysis
too much at least in our models. It is also inferred that a
stellar spiral arm would follow a dispersion relation similar
to that of gas. This could be because λMU is typically longer
than amplitude of epicyclic motion of a star in a spiral arm.
The N -body model Df00Q13 has the same mass-
distribution model and Qini as the two-component model
Df20Q13 in their initial conditions; however spiral arms in
Df00Q13 are stable whereas those in Df20Q13 fragment and
form clumps. This results is indicative that the gas compo-
nent is the driver of the SAI in the model Df20Q13. Thus,
as we mentioned in Section 4.1, a gas fraction in a spiral
arm is an important factor of fragmentation and clump for-
mation following. This is consistent with the result that the
instability is dominated by the gas in the fragmenting spi-
ral arm in the run Df25Q15, in which min[Sg(k)] < 1 and
min[Ss(k)] > 1 (see Fig. 5). However, presence of gas is not
a necessary condition of SAI since the N -body run Df00Q10
shows fragmentation of spiral arms.
Schwartzchild distribution function is assumed for a stellar disc
(Toomre 1964; Binney & Tremaine 2008; Elmegreen 2011).
Figure 11. Polar-map analysis for the model Df00Q10 at t = 200,
230 and 260 Myr. The dashed ellipses encircle a fragmenting arm,
within which some segments indicate min[Ss(k)] < 1.
4.5 Fragmentation in the bulge-dominant models
The galaxy models shown above are generated in the same
initial mass distributions modelling after a low-redshift disc
galaxy like the Milky Way. However, disc galaxies, especially
massive and quiescent ones, often host bulges more massive
than their discs. To see whether our instability analysis can
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Figure 12. Polar-map analysis for the model Df00Q13 at t = 350,
450 and 670 Myr. No spiral arms fragment in this run, and Panel
c indicates min[Ss(k)] > 1 in the arms.
characterise SAI even in a significantly different mass distri-
bution, we run simulations with the bulge-dominant models
(see Table 2) and adopt our analysis to them.
Because of the massive bulges, inner disc regions of the
bulge-dominant models have high Q in the initial conditions
(see the bottom panel of Fig. 2). In spite of the high gas frac-
tion fg = 0.7 in Bf70Q13, this model is only marginally un-
stable for spiral-arm fragmentation; only a few clumps form
during the run. Fig. 13 shows snapshots and our polar-map
analysis where the first clump forms via spiral-arm frag-
mentation in this run. The ellipse in each panel traces a
segment with min[S2(k)] < 1 collapsing into the clump. Be-
sides the collapsing segment, there are other two segments
with min[S2(k)] < 1 — at (R,φ) = (6 kpc, 5.7 rad) at
t = 200 Myr10 and (7 kpc, 5.0 rad) at t = 230 Myr in Panel
e; however these segments do not collapse and disappear
within 100 Myr since their λMU are longer than the sizes of
the segments (Panel f). Panel g indicates that the growth
time-scales within the collapsing segment are predicted to be
tg ' 100–200 Myr from our analysis, which are longer than
the actual time-scale of the clump formation by a factor of
<∼ 2.
Fig. 14 shows polar plots of gas and stellar surface den-
sities and the instability parameters in the model Bf60Q13.
This model has a gas fraction fg = 0.6 slightly lower than
Bf70Q13. As seen in Panels from a to d, spiral arms in this
run do not fragment, and mergers between the arms rarely
10 This segment corresponds to the one at (R, φ) =
(6.5 kpc, 0.3 rad) at t = 230 Myr.
occur. Hence, this model is considered to be stable against
SAI. The high values of min[S2(k)] shown in Panel e are
consistent with the absence of spiral-arm fragmentation and
clump formation.
Thus far, our linear perturbation analysis can charac-
terise well fragmenting instability of spiral arms even in the
bulge-dominant models with the high gas fractions. The ap-
plicability of our analysis is not be limited to a specific
galaxy model, and we could expect our instability analysis
to be applicable to various types of disc galaxies although
the tests should be repeated further with other mass dis-
tributions and/or different methodologies of hydrodynamic
simulations.
To summarise our results shown above, the tests us-
ing our simulations demonstrate the robustness of our lin-
ear perturbation analysis. Generally, our instability param-
eter S can characterise fragmentation of spiral arms, and
the mass of a clump forming via SAI can be estimated as
Mcl ∼ ΥλMU when λMU is longer than the spiral arm width
(Section 4.1.1). Although our analysis assumes the fluid ap-
proximation for the stellar dispersion relation, we confirm
that our analysis is also applicable to stellar spiral arms
in the gas-less simulations (Section 4.4). The applicability
of our analysis is independent from external potentials of
bulges and haloes (Section 4.5). However, we find a few cases
of non-linear fragmentation in which spiral arms can frag-
ment with min[S(k)] > 1 although such cases are rare in our
simulations (Section 4.3).
4.6 Comparison with other instability parameters
4.6.1 Toomre’s instability parameter Q
As we mentioned in Section 1, TTI have proposed that
Toomre’s instability parameter Q measured on a spiral arm
can be used as a fragmentation parameter of SAI in their
Keplarian gas discs. Although we propose the more general
fragmentation condition, min[S2(k)] < 1, for SAI in multi-
component systems such as disc galaxies, computing S is
more expensive than measuring Q since it requires to know
an arm width W for each component. Hence, if the TTI
condition Q <∼ 0.6 is still valid for multi-component galactic
discs, it would be easier to use Q to predict fragmentation
by SAI.
Conditions of Toomre instability in a multi-component
disc have been discussed by a number of studies (e.g. Moro-
zov 1981; Romeo 1985; Wang & Silk 1994; Jog 1996; Rafikov
2001; Romeo & Wiegert 2011). Jog & Solomon (1984b,c)
invented their formulation of a multi-component Q param-
eter, in which their dispersion relation assumes a fluid-fluid
disc system. Meanwhile, Rafikov (2001) proposed a different
multi-component model which does not assume the fluid ap-
proximation for a stellar component but uses the reduction
factor (Toomre 1964; Binney & Tremaine 2008).
In what follows, we use the two-component parameter
Q2 proposed by Inoue et al. (2016, see their equation A1),
1
Q2
=
2
[
1− exp
(
−p2s
)
I0
(
p2s
)]
Qsps
+
2pg
Qg (1 + p2g)
, (18)
where Qg ≡ σTκg/(piGΣg), Qs ≡ σR,sκs/(piGΣs), pg ≡
kRσT/κg, ps ≡ kRσR,s/κs and σ2T ≡ c2 + σ2R,g, and kR is
wavenumber of radial perturbation. In this formulation, in
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Figure 13. Polar-map analysis for the model Bf70Q13 at t = 120, 160 200 and 230 Myr. The dashed ellipses encircle a fragmenting
arm, within which there is a segment indicating min[S2(k)] < 1. The predicted growth time-scales tg ' 100–200 Myr are longer than the
actual time-scale of the clump formation by a factor of <∼ 2.
order to capture highly turbulent states of clumpy discs, κg
and κs are locally measured from the actual rotation veloc-
ities for gas and stellar components individually:
κ2 = 2
vφ
R
(
dvφ
dR
+
vφ
R
)
. (19)
The above formulation of Q2 is based on that of Rafikov
(2001); however in his formulation κ is measured from the
circular velocities and shared between gas and stars. Be-
cause the above Q2 is a function of kR, we look for the most
unstable perturbation that gives min[Q2(kR)].
Fig. 15 shows the results of our Toomre analysis for
the snapshot of the fragmenting run Df25Q15 at t =
180 Myr. In Panel c, the fragmenting arm marked with
the dashed ellipses indicates min[Q2(kR)] < 0.6, which
is consistent with the instability analysis of TTI. Fig.
16 indicates the same results but for the stable model
Df20Q15 at t = 320 Myr. In this run, no spiral arms
fragment, therefore the arms are expected to indicate
min[Q2(kR)] >∼ 0.6. However, most of arms even in this
run satisfies the TTI condition: min[Q2(kR)] <∼ 0.6 (Panel
c). Especially, the most prominent arm stretching between
φ ∼ 2–4 rad partially indicates min[Q2(kR)] < 0.4 signif-
icantly lower than the TTI fragmenting criterion, regard-
less of the stability against SAI of this arm. Thus, the TTI
condition min[Q2(kR)] <∼ 0.6 appears to over-predict frag-
mentation of spiral arms in two-component galactic discs;
in other words, spiral arms do not necessarily fragment
even if min[Q2(kR)] <∼ 0.6 although arms would be stable
if min[Q2(kR)] >∼ 0.6. In two-component galactic discs, our
instability condition min[S2(k)] < 1 appears to be more ac-
curate to characterise spiral-arm fragmentation. Our anal-
ysis considers not only gas but also stars in the disc, and
thus is able to describe the fragmentation more accurately
than the fragmenting condition of TTI. Fragmentation con-
dition using Q2 would need calibration for the criterion in
multi-component systems.
4.6.2 The instability condition of isothermal filaments
Spiral arms may be approximated to be filaments. Ostriker
(1964) has derived the self-gravitating equilibrium density
distribution of an isolated infinite filament of isothermal gas,
ρgf(r) = ρgf,0
[
1 +
(
r
H0
)2]−2
, (20)
where H0 is the scale radius of the filament, and ρgf,0 corre-
sponds to the gas density on the filament axis at r = 0. The
line-mass of the gas filament is given as
Υgf = 2pi
∫ ∞
0
ρgf(r)r dr = piρgf,0H
2
0 , (21)
which is determined solely by sound velocity of the isother-
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Figure 14. Polar-map analysis for snapshots in the model
Bf60Q13 at t = 240, 400 and 590 Myr. No spiral arms fragment
in this run, and Panel c shows min[S2(k)] > 1 in the arms.
mal gas: Υgf,c = 2c
2/G (see Ostriker 1964). Inutsuka &
Miyama (1992, 1997) demonstrated that the isothermal fila-
ment is unstable against axisymmetric ‘sausage-type’ per-
turbations along the filament when the actual line-mass
Υgf ' Υgf,c. Hence, if the spiral-arm fragmentation seen
in our simulations is caused by the filament instability dis-
cussed by Inutsuka & Miyama (1992, 1997), the fragmenting
spiral arms are expected to have line-masses close to Υgf,c,
and stable arms would have Υgf  Υgf,c in our simulations.
The surface density profile of equation (20), projected
perpendicularly to the filament axis, is
Σgf(R) =
piρgf,0H
4
0
2 (R2 +H20 )
3/2
= Σgf,0
[
1 +
(
R
H0
)2]− 32
, (22)
where Σgf,0 ≡ Σgf(0) = piρgf,0H0/2. The line-mass of the
filament is written as Υgf = 2Σgf,0H0. The surface density
profile given by equation (22) decreases to Σgf(R) = 0.3Σgf,0
at R = 1.15H0. Based on the procedures described in
Figure 15. The Toomre analysis for the model Df25Q15 at
t = 180 Myr. Panels a and b: the single-component Toomre pa-
rameters for gas and stars. Panel c: the two-component Toomre
instability parameter min[Q2(kR)]. The fragmenting arm en-
circled with the dashed ellipses satisfies the TTI condition
min[Q2(kR)] <∼ 0.6.
Figure 16. Same as Fig. 15 but for the non-fragmenting model
Df20Q15 at t = 320 Myr. No spiral arms fragment in this sim-
ulation; however the arms indicate min[Q2(kR)] < 0.6 in this
snapshots.
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Figure 17. The filament instability analysis for the model
Df25Q15 at t = 180 Myr. Panels a: Υgf/Υgf,c, in which Υgf,c =
2c2s/G. Panels b: Υgf/Υ
′
gf,c, in which Υ
′
gf,c ≡ 2(c2 + σ2g,R)/G.
The line-masses range Υgf/Υgf,c ' 1–2 in the fragmenting arm
in Panel a, whereas Υgf/Υ
′
gf,c ' 0.5–1 in Panel b. So, the actual
line-masses are approximately close to the equilibrium values.
Figure 18. Same as Fig. 17 but for the non-fragmenting model
Df20Q15 at t = 320 Myr. In the longest arm stretching between
φ = 1–4 rad, the line-masses range Υgf/Υgf,c ' 0.5–1 in Panel a
and Υgf/Υ
′
gf,c ' 0.4–0.6 in Panel b. In the second longest arm
between φ = 5–1 rad, however, Υgf is close to Υgf,c and Υ
′
gf,c.
Thus, this arm is expected to fragment but actually does not.
Section 3.2, we perform similar analysis to fits the polar
maps of Σg(R,φ) in our simulations with equation (22),
while redefining Σ˜g(R, ξ, φ) ≡ Σg(R,φ)[1 + (ξ/H0)2]−3/2
and W = 1.15H0 in equation (17). Then, we compute H0
that gives the lowest χ2 and determine actual line-masses
Υgf(R,φ) ≡ 2ΣgH0 in the polar maps of our simulations.
Panels a in Fig. 17 and 18 show the ratios of Υgf/Υgf,c
for the models Df25Q15 at t = 180 Myr and Df25Q15 at
t = 180 Myr. In Panels b, we take into account the contri-
bution by turbulent pressure to the equilibrium line-mass as
Υ′gf,c ≡ 2(c2 + σ2g,R)/G. In Fig. 17, the fragmenting arm en-
circled with the dashed ellipses has line-masses similar to the
equilibrium values: Υgf/Υgf,c ' 1–2 and Υgf/Υ′gf,c ' 0.5–
1. Therefore, the fragmentation of this arm is consistent
with the filament instability analysis of Inutsuka & Miyama
(1992, 1997). In Fig. 18, the longest arm stretching between
φ = 1–4 rad indicates Υgf/Υgf,c ' 0.5–1 in Panel a and
Υgf/Υ
′
gf,c ' 0.4–0.6 in Panel b. These low values are consis-
tent with the stability of the arm in this simulation. How-
ever, the second longest arm stretching between φ = 5–1 rad
indicates Υgf/Υgf,c ' Υgf/Υ′gf,c ' 1. Therefore this arm
is expected to fragment. This result appears to be incon-
sistent with the fact that no spiral arms fragment in the
run Df25Q15. Because spiral-arm fragmentation in rotat-
ing multi-component discs is intricate more than the fila-
ment instability assumed in Ostriker (1964) and Inutsuka &
Miyama (1992, 1997), the criteria of Υgf,c and Υ
′
gf,c does
not necessarily appear to be accurate. Therefore, our insta-
bility analysis for SAI using the parameter S is needed for
characterising spiral-arm fragmentation.
The spiral arms in our simulations are quite different
from the situation assumed in Ostriker (1964) and Inut-
suka & Miyama (1992, 1997). Especially in inner disc re-
gions, Coriolis force by disc rotation can prevent large-scale
perturbations within the arms from fragmenting. Although
the theory of Ostriker (1964) and Inutsuka & Miyama
(1992, 1997) assumes self-gravitating gas filament in isola-
tion, our simulations have stellar components. The gas frac-
tions within spiral arms in the runs Df25Q15 and Df20Q15
are fg ∼ 0.5, therefore gas in the spiral arms could not be
completely self-gravitating. Under the stellar potential, the
density profile and the line-mass of an equilibrium gas fila-
ment could differ from those proposed by Ostriker (1964). In
the simulations and real galaxies, a gas filament can continu-
ously accrete surrounding gas. Clarke et al. (2016, 2017) per-
form hydrodynamic simulations for isolated non-equilibrium
filaments accreting gas and argue that their filament frag-
mentation can be related to various properties of gas accre-
tion and have a multi-modal dispersion relation depending
on turbulent states such as compressive/solenoidal energy
distribution and super/subsonic turbulent velocity.
5 DISCUSSION
5.1 Scaling relations
Using our analysis presented in Section 2.1, we can obtain
scaling relations between some physical properties of clumps
forming via SAI, which could be useful to compare with ob-
servations for giant clumps in disc galaxies. Here, we assume
that gravitational fragmenting instability is dominated by
gas, and a stellar component is solely stable: Sg <∼ 1 and
Ss  1. In this case, since S2 ' Sg  Ss, one can ignore the
stellar component in the perturbation analysis. Hereafter,
all variables, such as Υ, Σ, σ, Ω and W , represent physical
properties of gas in a spiral arm unless otherwise stated.
The function of ω2(k) given by the dispersion relation
(equation 7) is downward convex (see Fig. A2), therefore ω2
becomes the minimum at the most unstable mode kMU and
simultaneously dω2/dk = 0. If min[S(k)] = 1, the dispersion
relation has the only solution for ω2 = 0 at kMU.
The function f(kW ) in the dispersion relation varies
as shown in Fig. 1. Here, we approximate the function as
f(kW ) ' F0 × (kW )−α, where F0 ' 1, and α varies with
kW . With this approximation and equation (1), the disper-
sion relation (equation 7) is rewritten as
ω2 ' σ2k2 − piGF0AΣW 1−αk2−α + 4Ω2. (23)
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Using this approximated dispersion relation, the condition
of dω2/dk = 0 at kMU gives,
11
kMU =
(
pi (2− α)GF0AΣW 1−α
2σ2
) 1
α
. (24)
Considering the boundary case of S(kMU) = 1, the condition
of ω2 = 0 at kMU gives the unstable wavelength as
λMU = 2pi
(
piαGF0AΣW
1−α
8Ω2
) 1
2−α
. (25)
As in Toomre analysis (e.g. Binney & Tremaine 2008), the
perturbation that grows first can be generally characterised
by λ ' λMU in marginally unstable cases of min[S(k)] <∼ 1.
If a gas disc is described with the averaged density Σg,d
and typical radius Rd, the total gas mass in the disc is
Mg,d ∼ piΣg,dR2d = piΣ
β
R2d = ηMtot, (26)
where β is density contrast of gas between the spiral arm
and the disc: β ≡ Σ/Σg,d, and η is the mass fraction of the
gas disc to the total mass (baryon and dark matter) within
Rd. Circular velocity V is related as V
2 = GMtot/Rd and
V ' vφ = RdΩ. Then, equation (25) is approximated as
λMU ∼ 2pi
(
1
8
αF0AηβW
1−αRd
) 1
2−α
. (27)
When the mode λMU collapses into a single clump, we as-
sume that the half wavelength contracts to a clump radius12,
Rcl = ε
λMU
2
, (28)
where 0 < ε <∼ 1.
In what follows, we discuss two cases of kMUW  1 and
 1 as large- and small-scale SAI models. We expect modes
of collapse to differ between the two cases: one-dimensional
collapse for kMUW  1 and two-dimensional collapse for
 1 (see below). The latter case behaves very similar to
Toomre instability (Section 5.1.2). We compare scaling rela-
tions obtained from these analytic models with observations
of low-redshift clumpy galaxies in Section 5.1.3.
5.1.1 One-dimensional collapse mode
First, we discuss the case where kMUW  1, i.e. λMU 
2W . Because the unstable wavelength is longer than the
width of the spiral arm, the unstable perturbation is ex-
pected to collapse along the arm, as in Section 4.1.1. We
consider that gas and stars within the collapsing region form
a single clump. Therefore, the total baryon mass of the single
clump is estimated as
Mcl ∼ Υ
fg
λMU = A
Σ
fg
WλMU, (29)
where fg is the gas fraction within the spiral arm: fg ≡
Σ/(Σ + Σs), and W is assumed to be the same between
11 Although the derivative also becomes dω2/dk = 0 at k = 0
when α 6= 1, this solution is not physically meaningful.
12 Some previous studies assume that λMU/4 contracts.
gas and stars in the unstable arm.13 Using equations (26),
(28) and V 2 = GMtot/Rd and assuming velocity distribu-
tion within the clump to be isotropic, the one-dimensional
velocity dispersion can be estimated to be
σ2cl ' 1
3
GMcl
Rcl
=
2
3
G
Σ
εfg
WA ' 2
3pi
ηβA (εfg)
−1 W
Rd
V 2. (30)
Using equations (27) and (28) to eliminate η,
σ2cl ' 16
3
(pi)α−3 (αF0fg)
−1
(
Wα/2R
1−α/2
cl
Rd
V
)2
. (31)
Then, we obtain the scaling relation for clump sizes,
Wα/2R
1−α/2
cl
Rd
'
√
3
16
(pi)3−α αF0fg
σcl
V
. (32)
Because the exponent α <∼ 0.5 for kW <∼ 0.5 (see Fig. 1),
equation (32) means that the dependence of Rcl on Rdσcl/V
is at the most Rcl ∝ (Rdσcl/V )1.3, by assuming α = 0.5,
when W and fg are constant.
Another important scaling relation is mass fraction be-
tween a single clump and the host disc: clump mass frac-
tion. From the definition of η and by assuming the host
disc to have the same gas fraction as the spiral arm, i.e.
fg ' Mg,d/(Mg,d + Ms,d), the total mass of baryon in the
disc is Md ≡Mg,d +Ms,d = ηMtot/fg. From equations (26),
(27) and (29), we obtain
Mcl
Md
' 2
[
1
8
αF0 (Aβ)
3−α η
(
W
Rd
)3−2α] 12−α
, (33)
If α = 0.5, Mcl/Md ∝ β1.7η0.7(W/Rd)1.3, meaning that
clump mass fractions decrease with Rd in this model.
5.1.2 Two-dimensional collapse mode
Small-scale SAI: When kMUW  1, i.e. λMU  2W ,
the exponent α ' 1 (see Fig. 1). In this case, the approxi-
mated dispersion relation (equation 23) becomes a quadratic
function of k,
ω2 ' σ2k2 − piGF0AΣk + 4Ω2, (34)
as in Toomre analysis. However, our SAI models treat the
dispersion relation of azimuthal perturbations k ≡ kφ, and
the pressure term also considers the azimuthal component of
turbulent velocities (i.e. σ2 ≡ c2 + σ2φ), which are physically
different from the Toomre analysis. When α = 1, equation
(27) becomes
λMU ∼ pi
4
F0AηβRd. (35)
Now that we consider the case of λMU  2W , the unsta-
ble perturbation is deeply embedded within the spiral arm.
Therefore, we consider that a round region with a radius of
λMU/2 collapses (two-dimensional collapse). The mass and
the velocity dispersion of the clump are estimated to be
Mcl ∼ pi Σ
fg
(
λMU
2
)2
=
pi2
64
F 20A
2η3β3f−1g Mtot, (36)
13 As we showed in Fig. 5, generally a stellar arm appears to be
wider than a gas arm, therefore equation (29) can underestimate
a stellar mass in a clump.
c© 2014 RAS, MNRAS 000, 1–??
18 S. Inoue & N. Yoshida
and
σ2cl ' 1
3
GMcl
Rcl
=
pi
24
(εfg)
−1 F0Aη
2β2V 2. (37)
Using equations (28) and (35) to eliminate η,
Rcl
Rd
'
√
3pi
8
F0Afgε3
σcl
V
. (38)
In this model, the above scaling relation does not depend
on W since both dispersion relation (i.e. λMU) and Mcl are
independent of W . This implies that the small perturbations
kMUW  1 do not react to the spiral arm but just to the
local density.
For the clump mass fraction in this case, using Md =
ηMtot/fg, equation (36) becomes
Mcl
Md
' pi
2
64
F 20A
2η2β3. (39)
It is noteworthy that the clump mass fraction above is in-
dependent from Rd.
It should be recalled, however, that our analysis as-
sumes an infinitesimal thickness for the arm. Perturbations
in such small scales, λMU  2W , may actually be shorter
than a vertical thickness of the spiral arm. If it is the case,
the mode of collapse could become three-dimensional, rather
than two-dimensional (e.g. Elmegreen 2015; Elmegreen &
Hunter 2015), and the scaling relations for clump properties
could deviate from the prediction discussed above.
Toomre instability: We also perform Toomre instability
analysis to derive the scaling relations with the same phys-
ical parameters. Similar analysis can be found in previous
studies (e.g. Escala & Larson 2008; Dekel et al. 2009; Fisher
et al. 2017a; Reina-Campos & Kruijssen 2017). Again, we
assume that Toomre instability is dominated by gas, and
a stellar disc is solely Toomre stable: Qg <∼ 1 and Qs  1.
In this case, since Q2 ' Qg  Qs (e.g. Jog & Solomon
1984a,b; Wang & Silk 1994; Jog 1996; Romeo & Wiegert
2011), one can ignore the stellar disc in the perturbation
analysis. The Toomre analysis considers axisymmetric lin-
ear perturbations kR propagating in the radial direction in
a rotating disc (Safronov 1960; Toomre 1964), in which the
dispersion relation is given as
ω2 = σ2Tk
2
R − 2piGΣg,dkR + κ2, (40)
where κ is epicyclic frequency which can be described as κ =
aV/Rd with 1 < a < 2 (e.g. Binney & Tremaine 2008). The
first term in the right-hand side represents the radial force to
stabilise radial perturbations kR by thermal and turbulent
pressure although it is azimuthal in our SAI models.
The conditions of dω2/dkR = 0 at kR = kR,MU and
Q ≡ σTκ/(piGΣg,d) = 1, one can obtain the characteristic
wavelength λR,MU in a disc with Q <∼ 1 as
λR,MU ' 2pi
2GΣg,dR
2
d
a2V 2
=
2piηGMtot
a2V 2
=
2piηRd
a2
. (41)
As the previous studies do, we assume that a clump forms
via the two-dimensional collapse within λR,MU/2. The mass
and the velocity dispersion of the clump are estimated to be
Mcl ∼ piΣg,d
fg
(
λR,MU
2
)2
= pi2a−4η3f−1g Mtot, (42)
and
Figure 19. Comparison of scaling relations of clump radius be-
tween the analytic models and observations. The blue solid, the
green dashed and the red dash-dotted lines delineate the scaling-
relations of equations (38), (32) and (44). The horizontal black
dashed line indicatesRcl given by equation (28) when λMU = 2W .
The black filled circles with the error bars indicate the observa-
tions of Fisher et al. (2017a), in which Rd is measured as twice
half-light radius for Hα emission.
σ2cl ' 1
3
GMcl
Rcl
=
pi
3
(
εfga
2
)−1
η2V 2, (43)
where we assume again that the gas fraction fg is the same
between a spiral arm and the disc. Using equations (28) and
(41) to eliminate η,
Rcl
Rd
'
√
3pi
a2
ε3fg
σcl
V
. (44)
Thus, the Toomre instability analysis also predicts the pro-
portionality between the ratios Rcl/Rd ∝ σcl/V , which is
the same as our small-scale SAI model (equation 38).
From equation (42) and Md = ηMtot/fg, the clump
mass fractions in this case are obtained as
Mcl
Md
' pi2a−4η2. (45)
The parameter dependence of the above relation is similar
to that in our small-scale SAI model (equation 39), i.e. ∝ η2
and independent of Rd.
5.1.3 Comparison of the analytic models with observations
The analytic scaling relations predicted from our SAI and
the Toomre instability models can be compared with prop-
erties of giant clumps observed in disc galaxies. In Fig. 19,
we compare the scaling relations of clump sizes between the
analytic models (equations 32, 38 and 44) and the observa-
tions of Fisher et al. (2017a, reproduced from their table 1,
excluding objects classified as merging galaxies) for clumpy
galaxies at redshifts z = 0.07–0.14. Although their observed
sample is limited to the low redshifts, Fisher et al. (2014)
have argued that their low-redshift clumpy galaxies have
high gas fractions similar to those of the high-redshift coun-
terparts (see also Green et al. 2014; White et al. 2017). For
the analytic models in Fig. 19, we set the parameters to
ε = 0.5, fg = 0.5, F0 = 1.0, A = 1.4, α = 0.5 (for the large-
scale SAI model), W = 0.5 kpc and a =
√
3. The horizontal
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dashed line in the figure indicates Rcl of the clump that
forms from the perturbation of λMU = 2W = 1 kpc, above
and below which the large- and the small-scale instability
modes are expected to be realistic for our SAI models. In
the figure, all of the analytic models using the above param-
eter set are almost consistent with the observations within
the error ranges. The non-linearity of the one-dimensional
collapse model is not significant enough to largely deviate
from the linear relations predicted by the two-dimensional
collapse models. Thus, our SAI models are not inconsistent
with the observations of the low-redshift giant clumps.
It should be noted, however, that the analytic models
depend on some parameters that can change the coefficients
of the scaling relations. Especially, values of ε and fg are
highly uncertain and may differ between individual giant
clumps. What we emphasize is that the large-scale mode of
our SAI model also predicts the scaling relation similar to
that of the Toomre analysis, and the current observations
still cannot distinguish these models. Therefore, the SAI
models that our study discusses could be possible mecha-
nisms to form giant clumps in gas-rich disc galaxies.
The scaling relations of clump mass fractions given by
equations (33), (39) and (45) have the appreciably different
parameter-dependence and are therefore expected to be dis-
tinguishable in comparison with observations. We use the
Hα observations of Fisher et al. (2017a) to estimate clump
mass fractions in their sample.14 If fg is constant between
a clump and its host galaxy, Mcl/Md ' Mg,cl/Mg,d. To es-
timate Mg,cl/Mg,d from the Hα observations, we use the
relation between Hα luminosity and star-formation rate, i.e.
LHα ∝ SFR. Surface densities of star-formation rate and gas
are related as ΣSFR ∝ Σ1.5g (Schmidt 1959; Kennicutt 1989),
therefore LHα/R
2 ∝M1.5g /R3. Then, we approximate
Mg,cl
Mg,d
∝
(
LclRcl
LdRd
) 1
1.5
, (46)
where Lcl and Ld are the Hα luminosities within a clump
and its host galaxy. Here, we use the median values of lumi-
nosities and radii among clumps in each galaxy for Lcl and
Rcl. If the total mass inside Rd is dominated by baryon in
the disc, we can assume η ' fg. From these assumptions,
the scaling relation (equation 33) for the one-dimensional
collapse model with α = 0.5 can be approximated as
Mg,cl
Mg,d
∝ f0.7g R−1.3d , (47)
and the relations (equation 39 and 45) for the two-
dimensional collapse models are
Mg,cl
Mg,d
∝ f2g , (48)
where we ignore the dependence on β, W and a.
In Fig. 20, we compare the scaling relations of the an-
alytic models (equations 47 and 48) with the observations.
The diagonal lines correspond to the model predictions, and
the data points align diagonally if the observations are con-
sistent with the analytic models. The observations appear
to be more consistent with the one-dimensional collapse
model (the top panel) than the two-dimensional ones (the
14 They kindly provided us their observational data for Lcl/Ld.
Figure 20. Comparison of the scaling relations of clump mass
fractions between the analytic models and the observations. top
panel: our one-dimensional collapse model with α = 0.5. bottom
panel: our two-dimensional collapse models. The filled circles and
the error bars indicate the median values among all clumps in
each galaxy and variations between the clumps, including obser-
vational uncertainties. In the top panel, Rd is in the unit of kpc.
The model predictions are elevated to fit the best the data points.
bottom panel); the observations may show significant devi-
ation from the prediction in the bottom panel, especially
for low f2g . From this result, it may be suggested that the
one-dimensional collapse mode based on our SAI model can
describe better the observed properties of giant clumps. Our
result in Fig. 20, however, could not conclusively reject the
two-dimensional collapse models such as Toomre instabil-
ity. First of all, the observed sample in Fisher et al. (2017a)
has only a handful of clumpy galaxies. In addition, the most
gas-poor galaxy in their sample has fg = 0.01, which is
atypical for clumpy galaxies. If we exclude this galaxy as an
outlier, the consistency with the models becomes compara-
ble between the two panels. Moreover, the analytic scaling
relations do not take into account the parameters such as
β and W that may correlate with fg and/or Rd. It is also
possible that the one- and two-dimensional collapse modes
operate in a single galaxy, and/or the instability modes may
be different between individual galaxies.
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5.2 SAI in more realistic situations and
limitations of our models
We test our idealized analytic model with the simple N -
body/hydrodynamic simulations that include the minimal
physics. As mentioned in Section 2, our analysis is based
on the tight-winding approximation for a spiral arm in self-
gravitating equilibrium. As seen in our simulations, however,
a spiral arm can deform, interact actively with other struc-
tures and have a large pitch angle. In Section 4, we demon-
strated that our analysis using the instability parameter S
is quite robust in our simulations, and non-linear fragmen-
tation with min[S(k)] > 1 are rarely seen. However, it is un-
clear how frequently the non-linear fragmentation can occur
in real galaxies.
The pressure term in equation (4) is derived by assum-
ing barotropic fluid (Toomre 1964; Binney & Tremaine 2008)
which is applicable to isothermal gas. Generally, however,
galactic gas does not have such a simple equation of state
and can cool by the dissipative nature. For Toomre instabil-
ity, Elmegreen (2011) analytically argues that galactic discs
can be unstable up to Q ' 2–3 if gas dissipation is as rapid
as a local dynamical time-scale. Galactic spiral arms can also
be destabilised by gas cooling, and our instability criterion,
min[S(k)] < Scrit = 1, can become higher if dissipation is
effective. Li (2017) argues that kinematic dissipation by col-
lisions between molecular clouds can play an important role
in disc instability and may explain the morphological differ-
ence between spiral and clumpy galaxies. Additionally, our
analysis assumes that density distributions of spiral arms
can be fitted with Gaussian functions, as TTI did; however,
actual density distributions in gas and/or stellar arms may
not be Gaussian.
Our simulations are designed to dedicate to test our
linear perturbation analysis and therefore lacking some im-
portant physics. First of all, our simulations do not have
star formation or stellar feedback processes such as super-
novae and radiation from massive stars. In real galaxies,
formation of their spiral arms and giant clumps generally
involves active star formation which consumes gas to create
stars and can weaken cooling effect by lowering gas den-
sity. This implies that star formation may prevent a spiral
arm from fragmenting. Stellar feedback processes can dra-
matically affect thermal and kinematic states inside a spiral
arm. They can be strong heating sources for gas and may
stabilise the arm. Meanwhile, the feedback can be violent
enough to destroy the arm and make it non-equilibrium.
Although we show that our analytic prediction for clump
masses is in agreement with our simulation results in Sec-
tion 4.1.1, clumps can considerably decrease their masses
due to stellar feedback while causing strong outflows (e.g.
Noguchi 1996; Newman et al. 2012; Genel et al. 2012; Bour-
naud et al. 2014; Tamburello et al. 2015; Mandelker et al.
2017; Reina-Campos & Kruijssen 2017). In this sense, our
analytic prediction could overestimate actual clump masses;
the scaling relations discussed in Section 5.1 do not take
such feedback effects into account either.
Our simulation models have ‘well-tailored’ structures in
isolation. The gas and stellar discs are assumed to be as thin
as zd = 50 pc at all radii in the initial conditions, in order to
marginalize thickness effect on the instability; zd is the same
as the minimum softening length in our simulations. For ex-
ample, however, the Milky Way has zd ' 50 and 300 pc for
the gas and the stellar (thin) discs (e.g. Juric´ et al. 2008;
Inoue & Gouda 2013; Hattori & Gilmore 2015; Bovy et al.
2016), and high-redshift clumpy discs are observed to be
even thicker (e.g. Elmegreen & Elmegreen 2006; Bournaud
et al. 2009; Genzel et al. 2017). Generally, disc thickness
can stabilise a disc and a spiral arm by weakening their
self-gravity on the plane. A number of studies have pro-
posed their parameterised models and analytical treatments
to take into account the thickness effects in Toomre insta-
bility parameters or its criterion (e.g. Goldreich & Lynden-
Bell 1965; Romeo 1992; Elmegreen 2011; Romeo & Wiegert
2011; Behrendt et al. 2015); however our current analysis
for SAI is based on the assumption of razor-thin arms. In
addition, asymmetric structures can cause non-linear effects
on the instability. Galactic discs can be warped, and non-
axisymmetric bulges, bars and haloes may affect SAI by in-
ducing non-circular motions and/or resonance in discs (e.g.
Athanassoula et al. 2013; Hu & Sijacki 2016). In cosmolog-
ical context, minor mergers and external gas accretion can
significantly impact on disc dynamics and clump formation
(e.g. Bird et al. 2012; Kyziropoulos et al. 2016).
To further examine our SAI analysis and study physi-
cal mechanisms of clump formation in more realistic galaxy
models, we are planning to utilize the cosmological simula-
tions of the Auriga project (Grand et al. 2017) in our future
work.
5.3 SAI as a possible mechanism of giant clump
formation
Previous studies have proposed Toomre instability to be a
possible mechanism of giant clump formation in highly gas-
rich discs in their early formation stages (e.g. Shlosman &
Noguchi 1993; Noguchi 1996, 1998, 1999; Genzel et al. 2008,
2011; Dekel et al. 2009; Forbes et al. 2012, 2014; Fisher
et al. 2017a) although Inoue et al. (2016) claimed that giant
clumps do not necessarily start to form with Q < 1 in their
cosmological simulations. In this study, we propose that SAI
could be an alternative mechanism to form giant clumps and
possibly explain the morphological difference between spi-
ral and clumpy galaxies. As TTI discussed for proto-planet
formation,15 we suppose that giant clump could form via
two-stage instability: disc instability to form spiral arms fol-
lowed by SAI to form giant clumps. The first stage is the
phase of spiral-arm formation which could be triggered by
marginally unstable state of the disc with Q <∼ 2, possibly
via swing amplification mechanism (Toomre 1981). We infer
that spiral galaxies such as the Milky Way in the low-redshift
Universe would correspond to this stage; they are unstable
enough to form their spiral arms but stable enough to main-
tain their arms. Then, some galaxies forming spiral arms
can experience the second stage where SAI operates if the
instability parameter S <∼ 1 in their arms. Their unstable
arms can fragment into giant clumps in their disc regions,
and they are observed as clumpy galaxies.
15 TTI have discussed as follows; a proto-planetary disc can form
spiral arms via Toomre instability if Q <∼ 1 in the disc, and then
the spiral arms can fragment into proto-planets via the spiral-arm
(TTI) instability if Q <∼ 0.6 in the spiral arms.
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As we show in Section 4, our simulated galaxies with
high gas fractions and/or cold kinematic states with low
Qmin tend to be unstable for spiral-arm fragmentation pro-
vided their mass distributions are the same. Clumpy galax-
ies have observed to have gas fractions fg ∼ 0.2–0.4 typ-
ically higher than spiral galaxies, independent from red-
shifts (Fisher et al. 2014). In addition, observations of high-
redshift clumpy galaxies have estimated Toomre’s instability
parameters Q to be quite low in their discs (Genzel et al.
2008, 2011; Fisher et al. 2017a). Thus, in terms of gas frac-
tion and Q, our simulations indicating clump formation pref-
erentially in gas-rich discs with low Qmin are not contradic-
tory to these observations. Law et al. (2012) have found a
grand-design spiral galaxy at the redshift z = 2.18. Inter-
estingly, this high-redshift galaxy has a bright clump in the
spiral arm. They mentioned that this galaxy is the only ob-
ject displaying regular spiral morphology in their sample of
306 galaxies at this redshift. The rarity of grand-design spi-
ral galaxies in their sample implies that high-redshift disc
galaxies may not able to form regular spiral structures, or
spiral arms in such galaxies may be short-lived and dissolved
soon after its emergence. Alternatively, it is also possible
that most of current observations have missed spiral arms
in high-redshift discs because of their faintness. Elmegreen
& Elmegreen (2014) argued, from their visual inspection for
observed galaxy images, that the onset of spiral structures
in galaxies appears to occur at a redshift z ∼ 1.4–1.8 and
that clumpy galaxies further than this redshift do not have
prominent spiral arms. Our clump formation scenario based
on SAI assumes that the emergence of spiral arms predates
the formation of giant clumps; therefore our SAI model may
be feasible for clumpy galaxies at z <∼ 2.
The absence of giant clumps in most of low-redshift spi-
ral galaxies may imply that SAI does not operate in these
disc galaxies. If our SAI model discussed in this study is
the mechanism of clump formation, it is implied that spiral
arms of low-redshift disc galaxies indicate min[S(k)] > 1.
This means that observations for such a nearby spiral galaxy
could also give us important clues to understand mecha-
nisms of clump formation. Although it is still challenging to
observationally estimate values of S in high-redshift galax-
ies, it may be possible in low-redshift spiral galaxies.
6 CONCLUSIONS AND SUMMARY
We extend the linear perturbation theory, previously pre-
sented by TTI, for a spiral arm to a multi-component model
and analytically obtain an instability parameter and its cri-
terion. If the instability condition is satisfied, the spiral arm
is gravitationally unstable and expected to fragment into
clumpy structures. Calculating the instability parameter re-
quires to know properties of a spiral arm: surface density Σ,
angular rotation velocity Ω, azimuthal component of veloc-
ity dispersion (and sound velocity for gas) σ and width of
the spiral arm W for each component.
Next, we perform N -body/hydrodynamics simulations
using our disc galaxy models in isolation with an isothermal
equation of motion, examine our instability analysis by uti-
lizing the simulation data. We find our linear perturbation
analysis to be able to characterise remarkably well fragmen-
tation by SAI in our simulations; a spiral arm breaks out into
clumps only if the instability condition is satisfied. However,
our analysis generally overestimates growth time-scales of
the unstable perturbations by a factor of 2–4. We also find
a few cases of non-linear fragmentation which forms clumps
without satisfying the instability condition, although such
cases are rare in our simulations. In our SAI model, a clump
is expected to form via filamentary (one-dimensional) col-
lapse of an arm if the most unstable wavelength is longer
than the arm width. Therefore, the clump mass can be esti-
mated to be the product between a line-mass of the arm and
the most unstable wavelength. Our analytical prediction is
in agreement with actual clump masses in our simulations.
We discuss whether SAI can be a physical mechanism of
giant clump formation in observed disc galaxies. Using our
linear perturbation analysis, we obtain expected scaling re-
lations of physical properties of giant clumps. In the case of
the one-dimensional collapse of our SAI model, the scaling
relation of clump sizes only weakly deviates from a linear re-
lation predicted from the Toomre’s instability analysis. For
the scaling relation of clump mass fractions, the observa-
tions of low-redshift clumpy galaxies may prefer the one-
dimensional collapse mode of our SAI model, rather than
two-dimensional modes such as Toomre instability; however
the observations still cannot distinguish these models con-
clusively. Neither scaling relations are inconsistent with the
current observations of giant clumps, therefore we expect
that our SAI model could be a possible mechanism of giant
clump formation in disc galaxies.
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APPENDIX A: THE TTI CRITERION
REVISITED
TTI has empirically obtained their instability criterion for
spiral-arm fragmentation in proto-planetary discs from their
simulations: Q <∼ 0.6 on a spiral arm. Here, we show that the
TTI criterion is almost consistent with our instability crite-
rion for a single-component model: min[S(k)] < 1 (equation
9).
If we assume isotropy for gas and a rigid rotation, i.e.
epicyclic frequency κ = 2Ω, the Toomre’s parameter Q is
described, with equation (1), as
Q ≡ σκ
piGΣ
=
2AσΩW
piGΥ
, (A1)
Denoting x ≡ kW and q ≡ 2ΩW/σ, our instability parame-
ter of equation (9) is reduced to
S ≡ σ
2k2 + 4Ω2
piGf(kW )Υk2
= Q
x2 + q2
Af(x)x2q
. (A2)
Fig. A1 shows S as functions of x with Q = 0.6 and A =
1.4. It can be seen that min[S(x)] ' 1 for q >∼ 0.5 although
min[S(x)] rapidly increases as q decreases for q <∼ 0.5. This
means that our instability condition, min[S(x)] <∼ 1, is sat-
isfied in a wide range of q when Q <∼ 0.6 since S ∝ Q. Thus,
for q <∼ 0.5, the TTI criterion of Q <∼ 0.6 can be considered
to be accurate and almost consistent with our criterion of
min[S(x)] < 1.
The dispersion relation (equation 7) in the single-
component model can also be reduced to
Figure A2. The dispersion relation as a function of x ≡ kW for
various q when Q = 0.6 and A = 1.4.
Figure B1. Distributions of Σ (the red lines with the left ordi-
nate) and Υ (the blue lines with the right ordinate) for each of gas
and stars along the positions where χ2 becomes the lowest at each
φ in the fragmenting arm in the run Df25Q15 at t = 180 Myr.
The spiral arm is marked with the ellipse in the first snapshot of
Fig. 5.
s2 =
x2
q2
− A
qQ
f(x)x2 + 1, (A3)
where s ≡ ω/(2Ω). Fig. A2 illustrates the above dispersion
relations with Q = 0.6 and A = 1.4.
APPENDIX B: THE VALIDITY OF THE
ASSUMPTIONS
Here we inspect whether our simulations are consistent
with the assumptions in the linear perturbation analysis.
In the linear analysis, the density fluctuation of the pertur-
bations is presumed to be initially small, i.e. δΣ/Σ 1 and
δΥ/Υ 1. Therefore, a spiral arm should have smooth dis-
tributions of Σ and Υ before fragmentation. Fig. B1 shows
distributions of Σ and Υ for each of gas and stars along the
ridge of the fragmenting spiral arm marked with the ellipse
in Fig. 5 (the model Df25Q15) at t = 180 Myr (before the
fragmentation). Here, the ridge of the arm is defined to be
the position at which the Gaussian density fitting gives the
lowest χ2 within the spiral arm at each φ (see equation 17).
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Figure B2. Radial variations of angular velocities in the run
Df25Q15 at t = 180 Myr. Panel a and b: Radial variations of an-
gular velocities dΩ/dR for the gas and stellar components with in
the spiral arms. Panel c and d: fractional changes of Ω for the gas
and stars across the half widths W of the arm, i.e. (WdΩ/dR)/Ω.
In this arm, the stellar component has the smoother distri-
butions of Σ and Υ than the gas component. The fluctuation
of Σg and Υg from their averages appears to be comparable
to or lower than the order of unity. Therefore, the density
perturbations of both components are approximately linear
before the fragmentation in the simulation.
The linear perturbation analysis described in Section 2
also assumes rigid rotation within spiral arms on the grounds
that the arms are expected to be self-gravitating. This as-
sumption expects that radial variation of angular velocity Ω
across the arm is small, i.e. WdΩ/dR Ω. In Fig. B2, Pan-
els a and b show polar maps of dΩ/dR in the fragmenting
model Df25Q15 at t = 180 Myr. The distributions of dΩ/dR
are almost the same between the gas and stars within the
spiral arm. Panels c and d show the ratios (WdΩ/dR)/Ω
in the same snapshot; this ratio means a fractional change
of Ω across the half width W of the arm. In Panel c, the
fractional changes of Ωg are quite low in the gas compo-
nent, < 0.1. In Panel d, the stellar component indicates the
values larger than the gas since Ws > Wg. However, the
fractional changes of Ωs are still ' 0.2. Thus, the rotation
velocities in the spiral arm are close to rigid rotations, and
the assumption in the linear perturbation analysis appears
to hold in the simulation.
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